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Abstract
For a ,nite permutation group G acting on a ,nite set A, and for each positive integer r (not
exceeding the degree of A), the orbit decomposition of the action of G on the set r(A) of
r-element subsets of A is speci,ed. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let (A;G) be a ,nite right G-set for a ,nite group G, i.e. a ,nite set A equipped
with a (right) action of G on A, a homomorphism
G → A!; g → (a → ag)
of G into the group of bijections of A. For a natural number r (usually) not exceeding
the degree deg(A;G) or |A| of (A;G), let rA denote the set of r-element subsets of
A. This set becomes a G-set under the action
g : {a1; : : : ; ar} → {a1g; : : : ; arg}
of elements g of G. For various combinatorial applications, particularly in ,nite geom-
etry and graph theory, it is desirable to know explicitly how the G-set rA decomposes
as a disjoint union of orbits or irreducible G-sets. The main result of the current note,
Theorem 2.5, gives a complete description of such decompositions. Recall that an ar-
bitrary G-set (B;G) breaks up as the disjoint union B=
∑
X∈B=G(X;G) of irreducible
G-subsets (X;G), the orbits of G on B. The set of G-orbits on B is written here as
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B=G. Each orbit (X;G) of the G-set (B;G) is isomorphic to the set K\G= {Kx | x∈G}
with action g :Kx → Kxg of elements g of G for the stabilizer K = {g∈G | xg= x} of
an element x of X . The decomposition given by Theorem 2.5 thus involves the M-obius
function of the subgroup lattice Sb(G) of G, namely the function given by
(K; L)=
∞∑
r=0
(−1)r|{(K1; : : : ; Kr) |K =K0¡K1¡ · · ·¡Kr =L}| (1.1)
for subgroups K; L of G (cf. [1, 4.8(i) and 4.12(i)]).
2. Subset actions
Let (A;G) be a ,nite G-set for a ,nite group G. It is convenient to establish some
notation.
Denition 2.1. Fix a subgroup L of G and a non-negative integer r.
(a) The multiplicity M (A; r; L) is the number of orbits G-isomorphic to L\G in the
decomposition of rA.
(b) Let F(A; r; L) denote the number of elements of rA ,xed by the subgroup L. (In
the language of Section 180 of [3], F(A; r; L) is the mark of L in rA.)
(c) The stabilizer number S(A; r; L) is the number of elements of rA whose stabilizer
in the G-action is exactly the subgroup L.
Lemma 2.2. For a subgroup K of a 4nite group G acting on a 4nite set A; one has
deg(A;G)∑
r=0
F(A; r; K)tr =
∏
Y∈A=K
(1 + t|Y |): (2.1)
Proof. An r-element subset U of A is ,xed by K if and only if it is a union of
K-orbits Y in A. Each such union contributes one term tr to the expansion of the
product on the right hand side of (2.1), namely the term comprising factors t|Y | for
K-orbits Y contained in U , and factors 1 for the other K-orbits Y . Thus the generating
function on the left hand side of (2.1) is exactly the expansion of the product on
the right.
Remark 2.3. Lemma 2.2 provides a succinct encoding of the inductive procedure de-
scribed in (2:7) of [4] for the computation of the marks of subset actions.
Corollary 2.4 (cf. (2) of [2]). The number of elements of the G-set 2A 4xed by a
subgroup K of G is 2|A=K|.
Proof. Set t=1 in (2.1).
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The main result is most compactly formulated using the Weyl group WG(L)=
NG(L)=L of a subgroup L of G.
Theorem 2.5. For a subgroup L of a 4nite group G acting on a 4nite set A; the
generating function for the multiplicities of the orbit type L\G in each rA is
deg(A;G)∑
r=0
M (A; r; L)tr = |WG(L)|−1
∑
L6K
(L; K)
∏
Y∈A=K
(1 + t|Y |): (2.2)
Proof. An element of rA is ,xed by a given subgroup K of G if and only if its
stabilizer L contains K . Thus
F(A; r; K)=
∑
K6L
S(A; r; L): (2.3)
MJobius inversion (e.g. [1, 4.17]) of (2.3) in Sb(G) then yields
S(A; r; L)=
∑
L6K
(L; K)F(A; r; K): (2.4)
Now the G-set L\G contains |WG(L)| elements whose stabilizer is exactly L, so that
S(A; r; L)= |WG(L)|M (A; r; L): (2.5)
The required result (2.2) then follows on combining (2.1), (2.4) and (2.5).
The generating function (2.2) takes a very simple form for primitive summands
of rA.
Corollary 2.6. Let M be a maximal subgroup of a 4nite group G acting on a 4nite
set A.
(1) The generating function for the multiplicities of the primitive orbit type M\G in
each rA is
|WG(M)|−1


∏
Y∈A=M
(1 + t|Y |)−
∏
Y∈A=G
(1 + t|Y |)

 :
(2) If a G-orbit on A properly contains an M -orbit of length r; then M\G is a
summand of rA.
Proof. For (1), apply (2.2) and (1.1). For (2), let X be an M -orbit of length r properly
contained in a G-orbit of A. Then the stabilizer of X in the G-set rA is exactly M :
any larger, and the stabilizer would be G, violating the proper containment of X in its
G-orbit. Thus the orbit of X is a summand of rA; that is G-isomorphic to M\G.
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